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New Reference Equation of State for Associating Liquids 
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An equation of state for associating liquids is presented as a sum of three Helmholtz energy terms: 
Lennard-Lones (LJ) segment (temperature-dependent hard sphere + dispersion), chain (increment 
due to chain formation), and association (increment due to  association). This equation of state has 
been developed by extending Wertheim’s theory obtained from a resummed cluster expansion. Pure 
component molecules are characterized by segment diameter, segment-segment interaction energy, 
for example, Lennard-Jones u and E ,  and chain length expressed as the number of segments. There 
are also two association parameters, the association energy and volume, characteristic of each site-site 
pair. The agreement with molecular simulation data is shown to be excellent a t  all the stages of 
development for associating spheres, mixtures of associating spheres, and nonassociating chains. 
The  model has been shown to reproduce experimental phase equilibrium data for a few selected 
real pure compounds. 

1. Introduction 
Molecular association profoundly affects phase behavior 

and transport properties of fluid mixtures. This is because 
such associated fluid mixtures are known to contain not 
only monomeric molecules but also relatively long-lived 
(typically 1-103 ps) clusters of like and unlike molecules, 
for example, hydrogen-bonded and donor-acceptor clus- 
ters. Since effective molecular properties of the clusters 
(size, energy, and shape) are very different from the mo- 
nomeric molecules, the bulk fluid properties are also very 
different. For example, the vapor-liquid coexistence 
curves and critical points of the associated fluids are 
shifted to higher temperatures. Also, liquid-liquid phase 
equilibria, crucial to solvent extraction and extractive 
distillation, strongly depend on the delicate balance of 
associative interactions between solvent molecules (sol- 
vent-cosolvent and solvent-antisolvent), between sepa- 
rated molecules, and between solvent and separated 
molecules. These interactions can affect not only the 
distribution coefficients, and hence selectivities, but also 
the type of phase behavior, for example, transition from 
upper critical solution temperature to lower critical solu- 
tion temperature behavior. The effects of association on 
the bulk properties discussed above are important in many 
fluids containing water, alcohols, carboxylic acids, and 
other polar solvents. The molecular association also affects 
phase behavior and rheology of many important complex 
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and macromolecular fluids, such as associating polymers, 
water-soluble polymers, asphaltenes, and biomolecular 
solutions. 

As a result, there have been many attempts to model 
the association effects on fluid phase equilibria. Perhaps 
the best known concept is the chemical theory of Dolezalek 
(1908), which postulates the existence of distinct molecular 
species in solution, which are a result of chemical reactions 
assumed to be in a state of chemical equilibrium. This 
concept has been adopted in many approaches that usually 
utilize the chemical equilibrium constants involving the 
entropy and enthalpy terms (in effect binary parameters) 
to allow for temperature dependence; these are reviewed 
in, for example, Prausnitz et al. (1986). An alternative 
approach is that of the lattice theories based on modeling 
the fluid structure as having essentially a solid-like lattice 
structure. For example, the quasichemical approximation 
due to Guggenheim (1966), has been used to treat non- 
random mixtures. The most popular activity coefficient 
models applicable to nonrandom associating solutions, for 
example, the models of Wilson (1964), Abrams and 
Prausnitz (1975), and Renon and Prausnitz (1968), are 
based on these ideas. 

There has been substantial progress recently in the 
molecular theory of associating solutions, which can result 
in practical models having greatly enhanced predictive 
power. The essence of this progress is to use statistical 
mechanical methods, such as perturbation theory, to 
quantify the relationship between well-defined site-site 
interactions and the bulk fluid behavior (Cummings and 
Stell, 1984; Cummings and Blum, 1986; Andersen, 1973, 
1974; Wertheim, 1984a,b, 1986a-c; Stell and Zhou, 1989). 
Especially pertinent is Wertheim’s contribution, which 
provides the basis for our model of associating fluids. 
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Wertheim derived his theory by expanding the Helm- 
holtz energy in a series of integrals of molecular distribu- 
tion functions and the association potential. On the basis 
of physical arguments explained in the next section, 
Wertheim showed that many integrals in this series must 
be zero and, hence, a simplified expression for the Helm- 
holtz energy can be obtained. This expression is a result 
of resummed terms in the expansion series (cluster ex- 
pansion). Specifically, the Helmholtz energy can be cal- 
culated from Wertheim’s resummed cluster expansion 
using perturbation theory. 

The key result of Wertheim’s theory is a relationship 
between the residual Helmholtz energy due to association 
and the monomer density. This monomer density, in turn, 
is related to a function A characterizing the “association 
strength”. Wertheim’s theory has been extended to mix- 
tures of spheres and of chain molecules and is tested 
against Monte Carlo simulations (Chapman, 1988; Chap- 
man et al., 1988; Jackson et  al., 1988). 

In this paper we present an equation of state model of 
associating fluids that is based on the first-order theory 
of Wertheim. The equation of state itself is in the form 
of the residual Helmholtz energy, a sum of segment, chain, 
and association terms discussed in section 3. Sample re- 
sults of testing prototype versions of the model and of 
fitting the model to some real compounds are shown in 
section 4. Other thermodynamic functions, such as the 
chemical potential, residual energy, compressibility factor, 
and second virial coefficient, are given in the Appendix. 
However, we start in section 2 with the definition of our 
model fluid, its molecular parameters, and approximations 
used in the theory, and we describe how to quantify con- 
centrations of components, monomers, and clusters. The 
theoretical approximations arise from the restriction to 
Wertheim-s first-order treatment and can be relaxed by 
including the second-order Helmholtz energy term. We 
plan to consider such an extension in a later paper. 

The essence of our theory is to use a reference fluid that 
incorporates both the chain length (molecular shape) and 
molecular association, in place of the much simpler hard 
sphere reference fluid used in most existing engineering 
equations of state. We expect such a reference fluid to 
capture the major effects of both nonspherical shape and 
molecular association, and we use Wertheim’s theory to 
predict the Helmholtz energy of this reference fluid. Ef- 
fects due to other kinds of intermolecular forces (disper- 
sion, induction, etc.) are expected to be weaker and are 
included through a mean field perturbation term in the 
usual way. We call this approach, regardless of the type 
of mean field term used, the Statistical Associating Fluid 
Theory (SAFT) and have recently given a brief preliminary 
account of it (Chapman et al., 1989). 

2. Model Fluid and Molecular Parameters 
We start from a mixture of Lennard-Jones (LJ) spheres. 

We superimpose two kinds of bonds between these spheres, 
covalent-like bonds to form chains and association bonds 
to interact specifically. As a result, our model components 
can approximate a broad range of molecules, from no- 
nassociating near-spherical (for example, methane and 
neopentane) and nonspherical (chain alkanes and poly- 
mers) to associating near-spherical (methanol) and non- 
spherical (alkanols). We will first discuss associating 
spheres and associating chains, then define LJ parameters 
for pure components and mixtures, and define concen- 
tration measures. 

2.1. Association Energy and Volume Parameters. 
Examples of specific interactions are hydrogen bonding 
and donor-acceptor, which are of short range and highly 
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Figure 1. Equipotential contour map obtained from ab initio mo- 
lecular orbital calculations for water interacting with (a) IPA, (b) 
TFIPA, and (c) HFIPA. The orientation of the water molecule, 
whose center is in the YZ plane, was optimized to give the lowest 
energy. Then constant energy contours were drawn with spacings 
of 2 kJ/mol. Reprinted with permission from Kinugawa and Na- 
kanishi. Copyright 1988 American Institute of Physics. 

orientation-dependent site-site interactions. In Figure 1 
we illustrate sizes and locations of hydrogen-bonding sites 
for water interacting with isopropyl alcohol (IPA), l , l , l -  
trifluoroisopropyl alcohol (TFIPA), and 1,1,1,3,3,3-hexa- 
fluoroisopropyl alcohol (HFIPA). The isoenergy contour 
plots, taken from the molecular orbital calculations of 
Kinugawa and Nakanishi (1988), show the minimum pair 



Ind. Eng. Chem. Res., Vol. 29, No. 8, 1990 1711 

Square-Well 
Potential ~ A A  

I 
J L  

r AA 

Wrong Distance 

Wrong Orientation 

Site-Site Attraction 

cA4 Interaction Energy 

K * ~  Interaction Volume 
Corresponding to PA 

Figure 2. Model of hard spheres with a single associating site A 
illustrating a simple case of molecular association due to short-dis- 
tance, highly orientational, site-site attraction. The strength of 
association is modeled with a square-well potential. 

interaction energy for a water molecule whose center is on 
the yz plane, taken to include the C3,0, and H1 (hydroxyl 
H) atoms. The deep potential wells near the H and 0 
atoms of the hydroxyl group are the hydrogen bonds. The 
hydrogen-bond energy between the hydroxyl H and water 
is -25.28 kJ/mol for IPA, -34.87 kJ/mol for TFIPA, and 
-36.94 kJ/mol for HFIPA (energy increases on fluorina- 
tion). The hydrogen-bond energy between the hydroxyl 
0 and water is -22.49 kJ/mol for IPA, -16.97 kJ/mol for 
TFIPA, and -14.49 kJ/mol for HFIPA (energy decreases 
on fluorination). Key features of these hydrogen bonds 
are their strength, short range, and high degree of locali- 
zation. The interaction of the CH3 or CF3 groups with 
water is much weaker (-2 to -6 kJ/mol) and less localized, 
as seen from the weak minima on the upper left of the 
plots (Figure 1). 

In Figure 2 is shown a simple example of prototype 
spheres, or spherical segments, with one associating site, 
A. Such spheres can only form an AA-bonded dimer when 
both distance and orientation are favorable. The degree 
of dimerization will depend on the AA bond strength. We 
quantify the associating bond strength with a square-well 
potential (whose center is on the A site), which, in turn, 
is characterized by two parameters. The parameter tu 
characterizes the association energy (well depth), and the 
parameter K~ characterizes the association volume (cor- 
responds to the well width +). 

In general, we do not constrain the number of association 
sites on a single molecule and label these sites with capital 
letters, A, B, C, etc. Each association site is assumed to 
have a different interaction with the various sites on an- 
other molecule. To keep track of these interactions, we 
label them with superscripts. For example, a superscript 
AiBj means interaction between site A on molecule i and 
site B on molecule j .  

2.2. Approximations. The first-order theory allows 
for chainlike or treelike associated clusters (at least two 
sites are needed to form clusters of three segments or 
more), but no ringlike clusters are allowed. In this first- 
order theory, we do not specify the angle between bonding 
sites, which means that the properties of the fluid will be 
independent of the angle between sites. Also, the activity 
of a site is independent of bonding at  other sites on the 
same molecule. Therefore, the effects of steric hindrance 
when two bonding sites are set so close together that they 
cannot bond simultaneously to two different molecules are 
ignored (Wertheim, 1986a-c, 1987). We will use this ap- 
proximation later in this section to estimate the distribu- 
tion of clusters. 

& i A  

Figure 3. Model approximations representing types of steric in- 
compatibility. (a) The repulsive cores of the molecules prevent more 
than two molecules from bonding at a single site. (b) No site on one 
molecule can bond simultaneously to two sites on another molecule. 
(c) Double bonding between molecules is not allowed. 

Model 
Monomer 
(Methanol) 

Figure 4. Models of hard sphere (monomer) and chain (m-mer) 
molecules with two associating sites A and B; the chain model can 
represent nonspherical molecules. Note that, in the theory, site 
locations are not specified. 

Furthermore, following Wertheim (1984a,b), we impose 
steric hindrance approximations illustrated in Figure 3. 
First, when molecules i and j are close enough that site A 
on molecule i bonds to site B on molecule j ,  then the 
repulsive cores of molecules i, j ,  and k prevent any site on 
molecule k from coming close enough to bond to either site 
A or site B. Second, no site on molecule i can bond si- 
multaneously to two sites on molecule j .  Third, no double 
bonding between two molecules is allowed. However, the 
third restriction can be relaxed (Wertheim, 1986a-c). 
2.3. Chain Formation. In contrast to the associated 

clusters discussed above, multisegmented chain molecules, 
such as the m-mer in Figure 4, are formed by imposing 
strong, covalent-like bonds on the equisized segments, each 
of which has one or two bonding sites. For example, to 
form a chain of m segment diameters in length, we create 
a fluid made up of m species of LJ spheres. Numbering 
the species 1, 2, 3, ..., m, we specify that spheres of type 
1 bond only to spheres of type 2, and spheres of type 2 
bond only to spheres of types 1 and 3, ..., and spheres of 
type m bond only to spheres of type m - 1. Also, it is 
required that a stoichiometric ratio of spheres is present. 
As a result, all the spheres will be forced to bond as 
specified and, thus, create a chain. 

2.4. Lennard-Jones Segments. As also shown in 
Figure 4, each segment is characterized by its diameter, 
u, and each molecule is characterized by its number of 
segments, m. Since u is a temperature-independent sphere 
diameter, we can relate it, in the spirit of the Barker- 
Henderson theory (1967), to an effective (temperature- 
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dependent) hard sphere diameter, d 

d = u f ( F ,  m) 

where f(kT/t, m) is a generic function of the reduced 
temperature and t is an LJ intermolecular energy. For 
f(kT/t, m), we use a function that is similar to that fitted 
to the Lennard-Jones potential by Cotterman et al. (1986): 

1 + 0.2977kT/t 

1 + 0.33163kT/t + f(m)(kT/t)2 f ( k T / t ,  m) = (2) 

where 

(3) 
m - 1  f(m) = 0.0010477 + 0.025337- 

m 
The functions of eqs 2 and 3 were arrived a t  after fitting 
d, m, and t to saturated liquid densities and vapor pres- 
sures, over a temperature range from 10 K above the triple 
point to 10 K below the critical point, for alkanes up to 
n-octane. We note that for spherical molecules (m = 1) 
eq 2 reduces the Cotterman et al. (1986) temperature de- 
pendence, and eq l becomes the Barker-Henderson tem- 
perature dependence of the hard sphere diameter 

d = a(?, m = 1) ( la )  

2.5. van der Waals One-Fluid Theory: Conformal 
Solution of LJ Segments. We have introduced three 
parameters, the LJ segment parameters u and t and the 
number of segments m in a chain, which are required to 
model a nonassociating pure fluid. In order to model 
nonassociating mixtures, we must be able to calculate the 
Helmholtz energy of the fluid mixture of spherical LJ 
segments that exists before bonding and association take 
place. In this mixture, the mole fraction of LJ spheres of 
species i is yi = Ximi/cjXlmj, where Xi is the mole fraction 
of chain molecules of species i (formed after bonding takes 
place) having mi segments. For the mixture of LJ seg- 
ments, we can use a van der Waals one-fluid theory 
(vdWl), which has been shown to be in good agreement 
with computer simulation data (Rowlinson and Swinton, 
1982) for LJ spheres of similar size. VdW1, which can be 
derived by using perturbation theory, is a well-established 
conformal solution theory that defines parameters (ax and 
6,) of a hypothetical PURE fluid x having the same re- 
sidual properties as the mixture of interest. Hence, for u, 
and ex, equivalent to u and t for the mixture of interest, 
we have two mixing rules 

C CXiXjmimjaij3 

C . .  CXiXjmimiaij3cIj 

(4) 

where XI is the mole fraction of component i and, as usual, 
the unlike-interaction energy parameter e,, is determined 
from a modified geometric average 

€11 = ~ ~ ] ~ ~ 1 1 ~ 1 1 ~ 1 ’ 2  (6) 
and the unlike-interaction size parameter all is determined 
from an arithmetic average 

(7) 
When tIJ = 1 in eq 6, eqs 6 and 7 reduce to the Lorentz- 
Berthelot rules. 

Ul1 = (aLl + 0,])/2 

The effective hard‘sphere diameter of our hypothetical 
pure fluid is given by 

where m,, the effective chain length of the conformal fluid, 
can be approximated by 

m, = CXIml (8’) 
1 

2.6. How To Derive Parameters. To sum up, for each 
pure component we need three molecular parameters, u, 
e lk ,  and m, which are the (temperature-independent) 
segment diameter in angstroms, the LJ interaction energy 
in kelvins, and the number of segments per chain molecule, 
respectively. In addition, we need two association param- 
eters, association energy t&B~/k in kelvins and volume 
(dimensionless), for each site-site interaction. We note 
that the superscript A,B, is equivalent to B,Al but not to 
A,B,. We also note that all these parameters are tem- 
perature independent. 

The usual method for deriving the u, t, and m values is 
to fit vapor pressure and density data for pure components. 
The association parameters tAiBl and 8 i B /  can be fitted to 
bulk phase equilibrium data. However, a preferred future 
way can be used to derive these parameters from spec- 
troscopic data on associated solutions first and then derive 
a, t ,  the m from the bulk properties. 

2.7. Mole Fractions of Components, Monomers, and 
Clusters. Since our model mixtures contain not only 
monomer species but also associated clusters, we need to 
define the mole fractions ( X )  for the total components and 
their monomers. The mole fraction of all the molecules 
of component i is X,. The mole fraction of (in general, 
chain) molecules i that are NOT bonded at  site A is XAi, 
and hence 1 - XAi is the mole fraction of molecules i that 
are bonded a t  site A. This definition applies to both pure 
self-associated compounds and to mixture components and 
is given in terms of mole numbers in the Nomenclature 
section. The mole fraction of molecules i that are NOT 
bonded a t  any site, that is, the mole fraction of monomers 
i, is XJmonomer) = IIA,XAi, and hence 1 - X,(monomer) 
is the mole fraction of molecules i that are bonded. 

2.8. Distribution of Clusters. The fraction of clusters 
of a given size can be estimated by using general statistical 
arguments (Jackson et al., 1988; Flory, 1953). As an ex- 
ample, we shall consider a pure component system com- 
posed of molecules having two sites, A and B, where only 
AB bonding and only chain clusters are allowed. The 
fractions of each chain length present (dimers, trimers, etc.) 
are functions of XA and XB (the fractions of molecules not 
bonded a t  sites A and B, respectively), which, in turn, are 
calculated from the equation of state described in section 
3. Assuming that the activity of a site is independent of 
bonding a t  the other sites on the same molecule, the 
fraction of molecules that are present as monomers is 
XAXB, or (XA)2 if XA = XB, which is the case in our ex- 
ample. Similarly, the fraction of molecules that are present 
as dimers is given by 2(XA)2(1 - XA). The general result 
for the fraction of molecules present as m-mers is 

(9) X(m-mer) = m(XA)2(1 - XA)m-l 
and the average chain length is given by 

Equation 9 expresses the “most probable distribution” of 
Flory (1953) that is in agreement with experimental results 
for polymer polydispersity. 
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bonds. The association strength, Am, given by eq 18 de- 
pends on two segment properties, the segment diameter, 
d, and the segment radial distribution function, g(d)w. 
Since we approximate our segments as hard spheres, we 
approximate g(d)w as the hard sphere radial distribution 
function (Carnahan and Starling, 1969): 

(19) 
2 - 7  

2 0  -d3 
g(d)seg = g(d)h” = - 

where 7 is the reduced density defined as 

3. Equation of State 
The equation of state is defined in this section in terms 

of the residual Helmholtz energy am per mole, defined as 
P ( T , V , N )  = a(T,V,N) - aided(T,V,N), where u(T,V,N) 
and dd4(T,V,N) are the total Helmholtz energy per mole 
and the ideal gas Helmholtz energy per mole at the same 
temperature and density. The residual Helmholtz energy 
is a sum of three terms representing contributions from 
different intermolecular forces. The first term, aseg, ac- 
counts for that part of ares that represents segment-seg- 
ment interactions, i.e., Lennard-Jones (LJ) interactions. 
The second term, achain, is due to the presence of covalent 
chain-forming bonds among the LJ segments. The third 
term, aassoc, accounts for the increment of ares due to the 
presence of site-site specific interactions among the seg- 
ments, for example, hydrogen-bonding interactions. The 
general expression for the Helmholtz energy is given as 

(11) ares = aseg + @sin + p s o c  

which is short for 
ares = aseg(mp,T;u,t) + 

achain(p;d,m) + mmaassoc(p,T;d,tm,P) 

where p is the molar density of molecules; we note that in 
the first term on the right side of this equation asag is a 
function of the product mp. 

3.1. Association Term for Pure Components. We 
start our analysis from the association term, first for pure 
self-associating compounds and second for mixtures of 
associating components. The Helmholtz energy change 
due to association is calculated for pure components from 

where M is the number of association sites on each mol- 
ecule, XA is the mole fraction of molecules not bonded at  
site A, and EA represents a sum over all associating sites 
on the molecule. Examples for molecules with two at- 
tractive sites and one attractive site are given as follows: 
u a m c  XA XB 

(13) R T  2 2 

(14) 
aaesoc XA 1 - In XA - - + - 
RT 2 2  

The mole fraction of molecules not bonded at  site A can 
be determined as follows 

XA = [l + NAVCpXBAAB]-l (summation over ALL 

- -  - In XA - - + In XB - - + 1 (2 sites) 

- -  (1 site) 

B 
sites: A, B, C, ...) (15) 

where NAv is Avo adro’s number and p is the molar density 
of molecules. AliB in eq 15 is the “association strength” 
defined as 

Am = 4aFABLrCr2 Q(r)g(r)BBg dr  (16) 

where 4ar2 Q(r) dr is the bonding-site-overlap volume el- 
ement (bonding is assumed to occur between hard sphere 
contact and rc) and FAB is given by 

F m  = exp(tm/kT) - 1 (17) 

The integral in eq 16 can be approximated, as explained 
by Chapman (1988) and Chapman et al. (1988), as follows 

AAB = d3g(d)seg~m[e~p(em/kT) - 11 (18) 
which is our key property characterizing the association 

aNAv 
q = -pd3m 

6 
where p is the molar density of molecules. 

The association strength given by eq 18 also depends 
on two parameters characterizing the association energy 
and volume discussed in section 2. We note that the 
bonding volume K~ used here differs from K AB used by 
Jackson et al. (1988) by a factor of (4?r/d3). The only 
density dependence in Am is given by g(d)w, and the only 
explicit temperature dependence is given by the em/kT, 
in eq 18. However, we should also note the implicit tem- 
perature dependence of d, as discussed in section 2. 

3.2. Association Term for Mixtures. Extension to 
multicomponent mixtures is straightforward. The Helm- 
holtz energy of association is an average that is linear with 
respect to mole fractions 

where Xk, the mole fraction of molecules i not bonded at 
site A, in mixture with other components, is given by 
XAi = [l + NAvCCpjXBjAAiBj]-’ (C over ALL sites 

I Bj Bj 
on molecule j ,  Ai, Bj, Cj, ...; C over all components) 

(22) 

Pj = XjPmirture (23) 

j 

As we can see, XAi depends on the molar density 

and on the association strength 
AAiBj = dii3gij(dij)segKAiBi[exp(tAiBi/kT) - 11 (24) 

where dij = (dii + djj)/2. Similarly to eqs 18 and 19 for 
the pure component case, we approximate the segment 
radial distribution function in eq 24 with the expressions 
derived for mixtures of hard spheres (Reed and Gubbins, 
1973) 
gij(di.Jseg % gi,(dij)h” = 

3diidjj 3; -+-- 1 
1 - l 3  dii + djj (1 - c3)2 

(25) 
Equation 25 for the like segments becomes 
gii(dii)seg = gii(dii)h” = 

The hard segment distribution function in eqs 25 and 26 
depends on the effective sphere diameter and on a function 
of density (kk=0,1,2,3, which is defined as follows: 
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We note that t3, but not lo, 5;, and t2, is equivalent to the 
segment packing fraction. 

The increment of the Helmholtz energy due to associ- 
ation can be determined from eqs 12-19 for pure self-as- 
sociating components and from eqs 21-27 for associating 
mixtures. The only inputs needed, in addition to mixture 
density and temperature, are the molecular parameters d 
and m and the association parameters tAB and for a11 
site-site pairs. 

3.3. Chain Term. The increment of the Helmholtz 
energy due to bonding, on the other hand, can be deter- 
mined from 

achain 
(28) - -  - CXi(l  - mi) In @ii(dii)hs) 

RT i 

where gii is the hard sphere pair correlation function for 
the interaction of two spheres i in a mixture of spheres, 
evaluated at  the hard sphere contact, eq 26. Equation 28 
is derived based on the associating fluid theory where the 
association bonds are replaced by covalent, chain-forming 
bonds, as explained in section 2.3, based on Chapman 
(1988) and Chapman et al. (1988). 

3.4. LJ Segment Term. Finally, the segment Helm- 
holtz energy, per mole of molecules, can be calculated from 

aseg = a,BegCXimi (29) 

where a;q is defined as the residual Helmholtz energy of 
nonassociated spherical segments. The CiXimi term in 
eq 29 is a ratio of the number of segments to the number 
of molecules in the fluid. Let's assume that our segments 
are LJ spheres and allow a,- to be composed of two parts 
corresponding to the hard sphere (reference) and disper- 
sion (perturbation) parts of the LJ intermolecular potential 
as follows 
aoseg = a? + a?P (reference + perturbation) (30) 

As usual, the hard sphere term for pure components and 
for mixtures can be calculated as proposed by Carnahan 
and Starling (1969) 

i 

aoh  47 - 372 
RT (I - 7)' 

(31) 

where r]  is a segment packing fraction (reduced density) 
defined as follows 

_ -  -- 

?rNA~ 
r]  = -pd3m (pure components) (32) 

6 
? r N A v  

7 = --pd3EXimi(mixtures) 
6 1 

(33) 

In eq 33, we have assumed the vdWl mixing rules, with 
d given by d, in eq 8. 

The dispersion term in eq 30, for pure components and 
mixtures, can be determined as a correlation of molecular 
simulation data for LJ  fluids. One example of an ex- 
pression for a,diep is given by eq 34, determined by Cot- 
terman et al. (1986) 

(34) 

I I 

7 

5 
d 

e 
D 

8 

- 
- .- - .- 

c 
3 

1 

0.0 0.1 0.2 0.3 0.4 

Reduced Density 

Figure 5. Compressibility factor 2 = P / ( p R T )  for a hard sphere 
system with one attractive site as a function of reduced density (q). 
The results of Monte Carlo simulations are represented by the cir- 
cles; the solid curve represents theoretical predictions obtained from 
numerical integration, which are essentially the same as those ob- 
tained from the approximated model, for c M / k  = 7T, & = 1.866 X 

where T R  = kT/c,  a reduced temperature, and pR = [6/ 
(2°.5?r)] 7, reduced density. 

An alternative approach is to use an argon equation of 
state for the segment term a,% in eq 29. For example, we 
used the argon equation of state of Twu et al. (1980) to 
obtain results for real compounds presented in section 4. 

In summary, this section provides a complete definition 
(from molecular parameters to final equations) of the 
SAM' equation of state in the form of the residual Helm- 
holtz energy for pure components and mixtures. Other 
thermodynamic properties needed in phase equilibrium 
calculations, such as the chemical potential, fugacity 
coefficient, compressibility factor, and second virial 
coefficient, are given in the Appendix in a way that is 
consistent with the terms introduced in this section. 

4. Results 
The equation of state model described in the previous 

section, an extension of Wertheim's theory, is a result of 
a systematic development, from simple associating spheres 
and nonassociating chains, to associating mixtures of 
chains. At  the early stages of this development, the pro- 
totype versions of the model were carefully verified against 
molecular simulation data. Since detailed comparisons 
have been reported elsewhere (Chapman, 1988; Chapman 
et al., 1986, 1987, 1988; Jackson et al., 1988; Joslin et al., 
1987), only sample results are shown here. 

The initial version of the theory, for the associating pure 
spheres, was found to be in excellent agreement with the 
Monte Carlo simulations of hard-core fluids (Joslin et al., 
1987; Chapman, 1988; Jackson et al., 1988). This agree- 
ment is illustrated for the compressibility factor of a hard 
sphere fluid with single sites in Figure 5. Similar agree- 
ment was obtained for two-site systems and for other 
properties, such as the configurational energy and the 
fraction of monomers. 

The theory has also been verified to be accurate for 
mixtures of associating spheres. For example, Figure 6 
shows good agreement for the excess enthalpy calculated 
from the theory and that determined from the Monte 

(modified from Jackson et al. (1988)). 



Ind. Eng. Chem. Res., Vol. 29, No. 8, 1990 1715 

0 

-1.0 

-2.0 

-3.0 

0 0.2 0.4 0.6 0.8 1 .o 
Mole Fraction of Component 1 

Figure 6. Excess enthalpy ( H E / R T )  from Monte Carlo simulations 
(circles) and from theory (solid curve), for a mixture of spheres 1 and 
2 (modified from Joslin et al. (1987)). 

Reduced Density 
Figure 7. Compressibility factor from Monte Carlo simulations of 
Dickman and Hall (1988) (points) and from theory (solid curves), for 
varying chain lengths of 2, 4, 8, and 16 as a function of reduced 
density, 7, as given by eq 20. 

Carlo simulations for a binary mixture of associating 
spheres (Joslin et al., 1987). The initial simplified exten- 
sion of the associating fluid theory to chain molecules has 
also been tested against the computer simulation results 
of Dickman and Hall (1988) for dimers, tetramers, octam- 
ers, and hexadecamers. The agreement shown in Figure 
7 is believed to be satisfactory for our equation of state 
model. 

The intermediate versions of the model, using a mean 
field approximation for the adisp term, have been used to 
predict qualitative effects of the model parameters, such 
as association energy and chain length, on various fluid 
properties (Jackson et al., 1988; Chapman et al., 1988). 
Only a few representative examples are shown here for the 
reduced vapor pressure as a function of temperature. In 
an example calculated for pure spheres with one associa- 
tion site, Figure 8, the reduced critical temperature in- 
creases with the increasing interaction energy. This is a 
result of increasing degree of association from the limiting 
case of pure monomers (highest pressure, 0 in Figure 8) 
to the limiting case of pure dimers (low-pressure limit, m 

in Figure 8). 
An example calculated for associating and nonassoci- 

ating chains is shown in Figure 9. The reduced vapor 
pressure decreases with increasing chain length, from 1 to 
8, for nonassociating chains. The reduced vapor pressure 
also decreases in going from a nonassociating to an asso- 

0.05 0.07 0.09 0.11 0.13 0.15 

Reduced Temperature 
Figure 8. Vapor pressure curves and critical locus for spheres with 
one attractive site and different association energies, eM/emm 
for KAA = 5.559 X lo4. The 0 curve corresponds to pure spheres (no 
association) and the m curve corresponds to pure dimers (full asso- 
ciation). Reduced pressure is PrdS/6cmm ‘Old; reduced temperature 
is kTJcmeanfield. 
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n 

v) 
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0.05 0.10 0.15 0.20 0.25 0.30 

Reduced Temperature 
Figure 9. Vapor pressure curves and critical locus for nonassoci- 
ating chains composed of 1,2,4,  and 8 eegments, and for a 2-segment 
associating chain with two attractive sites (2’). Reduced pressure 
is Prd3/6cmmfle1d;  reduced temperature is kT/cmmfi0ld (modified 
from Chapman et al. (1988)). 
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Figure 10. Vapor pressure curves and critical locus for disphere 
chains (m = 2) with one attractive site and different association 
energies eM/emsanfisld = 0, 1.5, 2, 2.5, m. The cM = 0 curve corre- 
sponds to pure dimers (no association) and the m curve corresonds 
to pure tetramers (full association). Reduced pressure is Prds /  
6cmean reduced temperature is kT/rmw (modified from 
Chapman et al. (1988)). 

ciating chain at the same chain length, for example, from 
a nonassociating dimer (2 in Figure 9) to an associating 
dimer (2’). In a final example, the reduced vapor pressure 
for a disphere chain with one association site is shown as 
a function of reduced temperature for different values of 
the association energy (0 for pure dimer, for pure tet- 
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Figure 11. Segment diameter u correlates with a function of chain 
length ( m  - l ) / m  for n-alkanes, where m = carbon number. 

Table I. SAFT Parameters for Hydrocarbons and 
Associating Compounds" 

compd 0 c l k  m coHlk ,OH 

methane 
ethane 
propane 
n-butane 
n-octane 
benzene 
methanol 
acetic acid 

3.7390 
3.2918 
3.1514 
3.0775 
2.9766 
3.0190 
3.203 
3.360 

152.2 1 
158.3 2 
152.3 3 
150.6 4 
148.1 8 
193.5 4.25 
163.25 1.6 2964 0.053 
224.0 2.0 7200 0.00053 

t 

9 2 -  
e "T 

e! 
3 
e t 
0 

m 
3 

;I 1 

0 t- 

u is in angstrom, c / k  is in kelvin, coH/k is in kelvin, ,OH is di- 
mensionless. All the data presented were obtained by using an 
argon equation of state (Twu et al., 1980) for the segment term 
(aOseg in eq 29). 

0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1.0 

m-1 
m 

Figure 12. f (m)  function used in the temperature dependence of the 
segment diameter (eq 3) correlates with a function of chain length 
(m  - l ) /m for n-alkanes, where m = carbon number. 
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Figure 14. n-Butane vapor pressure and liquid density, experi- 
mental (squares (Physical Sciences Data, 1986)) and predicted (solid 
curves). 

coexistence to higher reduced temperatures and to increase 
the reduced critical temperature. However, the chain 
length effect is also important and, in fact, dominates the 
effect of association for the longer chains. 

Once the key am and achain terms have been established 
and tested, as discussed above, the total equation of state 
model (11) was fitted to a few selected real compounds. 
The fitted values of u, e, and m for some n-alkanes and 
benzene are listed in Table I. For the alkanes, m was set 
equal to the carbon number and u and e were then re- 
gressed from vapor pressure and saturated liquid density 
data. We note that u is decreasing with increasing chain 
length as shown in Figure 11. This is a result of setting 
m equal to the carbon number for the n-alkanes, which is 
our preliminary approximation. This approximation will 
be refined in the future. The function f (m)  used in eq 2, 
which gives the temperature dependence of d, is shown in 
Figure 12 for real alkanes. Representative vapor pressure 
and saturated liquid density results for propane, n-butane, 
and n-octane are shown in Figures 13-15. The fitted 
values of the equation of state parameters for two self- 
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Figure 15. n-Octane vapor pressure and liquid density, experi- 
mental (squares (Physical Sciences Data, 1986)) and predicted (solid 
curves). 
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Figure 16. Acetic acid vapor pressure and liquid density, experi- 
mental (points (Physical Sciences Data, 1986)) and predicted (solid 
curves). 

associating compounds, methanol and acetic acid, are listed 
in Table I. The parameters toH and were regressed 
by minimizing the temperature dependence of u and c, 

B “ t  
f e! 2 1  

e t f o  

1 2 3 4 5 

lOOO/T[k] 

600 I I I I 1 I I 

E 500 

f 
! a 400 

c 

which were fit to vapor pressures and saturated liquid 
densities a t  a number of temperatures between the triple 
point and the critical point of the fluid. Representative 
vapor pressure and saturated liquid density results for 
these compounds are shown in Figures 16 and 17. 

In addition to the bulk phase equilibrium properties, the 
equation of state can be used to determine the degree of 
association. For example, the temperature dependence of 
the mole fraction of monomers is shown in Figure 18 for 
both vapor and liquid phases for the two self-associating 
compounds discussed above. 

5. Conclusions 

An equation of state model has been developed for 
predicting phase equilibria, based on the Statistical As- 
sociating Fluid Theory. The agreement with molecular 
simulation data has been found to be excellent, at all the 
stages of model development, for associating spheres, 
mixtures of associating spheres, and nonassociating chains 
up to m = 8. The model has been shown to reproduce 
experimental phase equilibrium data for a few selected real 
pure compounds. Because it has a sound basis in statistical 
thermodynamics, the equation of state offers greater 
predictive capabilities than previous empirical equations. 
In particular, mixing rules are not required when treating 
mixtures (they are “built in” by the theory), and the pa- 
rameters can be related directly to details of the potential 
model (segment size, chain length, strength, and range of 
the hydrogen bond). The goal of future work will be to 
develop methodology for deriving the equation of state 
parameters, especially the association parameters, for pure 
components and mixtures. 
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Figure 18. Temperature dependence of the monomer mole fraction 
in vapor and liquid phases for acetic acid and methanol; all curves 
predicted by the model. 
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Nomenclature 
a = molar Helmholtz energy (total, res, seg, bond, assoc, etc.), 

a, = segment molar Helmholtz energy (seg), per mole of 

k = Boltzmann’s constant = 1.381 X J /K  
mi = effective number of segments within molecule i (chain 

Mi = number of association sites on molecule i 
molar = molar with respect to molecules 
ni = number of molecules of component i 
N = total number of molecules 
NAv = Avogadro’s number = 6.02 x loz3 molecules/mol 
P = pressure 
R = gas constant 
segment molar = molar with respect to segments 
segment ratio = xiximi, ratio of the number of segments to 

T = temperature, K 
V = total volume 
u = molar volume 
X = mole fraction 
Xi = ni/N, mole fraction of component i 
Xi(monomer) = ni(monomer)/ni = UAiXAi, mole fraction of 

component i not bonded at any site 
Xk = nAi/ni, mole fraction of component i not bonded at site 

A; for 1 attraction site this is the fraction of monomers 
Z = Pu/(RT),  compressibility factor 

= volume of interaction between site A on molecule i and 

Partial support of this work by a grant from the De- 

per mole of molecules 

segments 

length) 

the number of molecules in the fluid 

site R on molecule j ,  dimensionless 

AAdBl = “strength of interaction” between site A on molecule 
i and site B on molecule j ,  A3 

ti, = dispersion energy of interaction between segments of 
types i and j ,  for example, Lennard-Jones, per segment 
(used to determine aoW which is per mole of segments, not 
molecules), J 

t A ~ B ~  = association energy of interaction between site A on 
molecule i and site B on molecule j ,  per molecule, J 

(, = combining rule parameter in eq 6 

qo = (*/6)pnmd3 = (xN~~/G)pmd~,  pure component reduced 

q = ( ~ N ~ , , / 6 ) p d ~ ~ ~ X ~ ? n ~ ,  mixture reduced density, same for 

f i  = chemical potential (res, seg, bond, assoc, etc.) 
p = pn/NAv, molar density, mol/A3 
pi = Xip, molar density of component i, mol/A3 
pn = number density (number of molecules in unit volume), 

p~ = 6 ~ / ( 2 ~ , ~ 7 r ) ,  reduced density, used in eq 34-36 
d = temperature-dependent segment diameter ((a/6)d3 is 

u = Lennard-Jones segment diameter (temperature inde- 

E, = summation over all the components 
CAi = summation over all the sites (starting with A) on 

4 = fugacity coefficient 
Subscripts 
no subscript means “for TOTAL fluid”, either pure component 

i, j ,  k ,  1 = for component i, j ,  k ,  I 
Ai, Bi, Ci,  etc. = for site A, B, C, etc., on molecule i 
o = per mole of segments, not molecules 
x = for conformal fluid, equivalent to the mixture of interest 
Superscripts 
res = residual 
seg = segment 
assoc = associating, or due to association 
hs = hard sphere 
ideal = ideal gas 

Appendix 
Section 3 of this paper describes the SAFT model in 

terms of the molar residual Helmholtz energy (am). This 
section provides other properties and functions needed to 
calculate phase equilibria, for example, total pressure (P), 
compressibility factor (Z), fugacity coefficient (c$~), second 
virial coefficient (B) ,  and residual internal energy (u). 
However, we start with the chemical potential (pi), the key 
phase equilibrium property, which is a derivative of the 
Helmholtz energy with respect to the mole number of 
component i a t  constant temperature, volume, and non-i 
mole numbers. 

Chemical Potential. We will present the chemical 
potential terms in the order used to present the corres- 
pondig Helmholtz energy terms, that is, the association, 
chain, and segment terms. The main equation is given 
by (cf. eq 11) 

rfl = ( TNA”/ 6)p xiXimidi,k 

density, same for segments and molecules 

segments and molecules 

‘4-3 

segment volume), A 

pendent), A 

molecule i 

or mixture 

The association contribution to the chemical potential, 
piassoc, can be expressed as (cf. eq 21) 
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by eq A.19. u and t in eq A.8 are equivalent to u, and t, 
from eqs 4 and 5. 

Compressiblity Factor. We will present the com- 
pressibility factor terms in the order used to present the 
corresponding Helmholtz energy terms, that is, the asso- 
ciation, chain, and segment terms. The main equation 
is given by 

(A.9) 
The association term is given by 

z = Zseg + Zchain + zaaaoc 

pi@SW aassoc 
Z a s w  = Cxi- - - (A.lO) 

i R T  R T  
where piassoc is given by eq A.2 and aassoc is given by eq 21. 

The chain term is given by (cf. eq 28) 

where 

(A.3) 
The AAjBk is given by eq 24. Its partial derivative is given 
by 

I I 

where the pair correlation function partial derivative is 
given by 

+ a In gjj(djj)ha K NAvmi di? [ ]T,pk+i = --[ 6 gjj(djj)hs - (1 - l3)' 

(A.7) 

The LJ segment contribution to the chemical potential, 
pyg, can be expressed as 

1 3 djjdi? 3djjdi:lz dj?di?1; 3 dj?di?f2' 
-- +- +- + -  
2 (1 - t3)* (1 - C3)3 (1 - 13'3)3 2 (1 - f3)4 

This is the contribution of the segments to the chemical 
potential of the molecule and corresponds to a- (per mole 
of molecules) given by eq 29. aOw (per mole of segments) 
is given by eq 30. Zoseg in eq A.8 is the segment com- 
pressibility factor (but NOT residual), which is given by 
eq A.14. The u?g term in eq A.8 is the residual internal 
energy, per mole of segments, not molecules, which is given 

where 

The segment term, which is our reference compressibility 
factor (for fluid of LJ molecules), is given by (cf. eq 29) 

Zaeg = 1 + (Zowg - l )CXimi (A.13) 

where ZFg, needed in eq A.8, is the compressibility factor 
for the pure or conformal fluid of LJ segments, not mol- 
ecules, which is defined as follows: 

zow = zohs + z diw (A.14) 

I 

where (cf. eqs 31 and 34-36) 
1 + + t2 - ,,3 zoh" = (A.15) 

(1 - d3 
ZodisP = Zoldisp/TR + Zo2disp/T~2 (A.16) 

ZoldisP = pR[-8.595 - 2(4.5424pR) - 
3(2.1268p~~) + 4(10.285p~~)] (A.17) 

ZoZdisP = pR[-1.9075 + 2(9.9724pR) - 3(22.216pR2) + 
4(15.904p~~)] (A.18) 

Alternatively, the compressibility factor terms discussed 
in this section can be calculated from the definition 
equation as follows: 

where pressure is discussed further. 
Internal Energy. The residual internal energy, uow, 

per mole of segments, not molecules, as needed to deter- 
mine the segment chemical potential from eq A.8, can be 
calculated as follows (cf. eq 30): 

I .. 
uoaeg 1 d(aoseg/RT) 3 ad 
- = -1 1 - (Zoug - 1)-T - (A.19) RT T a( i /T)  d d T  

where 
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T ad 

1 1 
J - 

1 + 0.33163kT/e + f(m)(kT/c)2 1 + 0.2977kT/t 
(A.21) 

where the temperature-dependence function f(kT/t, m) 
is given by eq 2 in section 2.4. 

The residual internal energy, uw, per mole of molecules, 
is given by (cf. eq 29) 

u,Beg _ -  - -CXimi 
RT RT i 

(A.22) 

Pressure. Pressure can be determined based on the 
chemical potential, density, and the Helmholtz energy as 
follows: 

P = Cpipi - a p  (A.23) 

This equation gives the total pressure for a mixture of 
components i = 1, 2, ..., where p i  is the molar density, pi 
is the total chemical potential 

pi = piidealgas + (A.24) 

where p;- is given by eq A.l. a in eq A.23 is the total 
Helmholtz energy 

a = aidealgas + ares (A.25) 

where ares is given by eq 11 in section 3. p in eq A.23 is 
the mixture molar density 

P = pi/Xi (A.26) 

Alternatively, pressure can be calculated based on the 
compressibility factor: 

P = ZpRT (A.27) 
where P is one of the following: total P, F, pCb, P g ,  
etc. 2 is one of the following: total 2 (eq A.9), 2-O” (eq 
A.10), Zchein (eq A.ll), Zseg (eq A.13), respectively. 

Fugacity Coefficient. Fugacity coefficients can be 
determined from 

RT In di = ptes - RT in 2 (A.28) 

which is a general expression for various terms of &. 
Depending on the choice of terms (total, association, chain, 
segment, etc.), the appropriate terms of pires and 2 should 
be used in eq A.28. 

Second Virial Coefficient (B). We will present the 
second virial coefficient terms in the order used to present 
the corresponding Helmholtz energy terms, that is, the 
association, chain, and segment terms. The main equation 
is given by 

i 

B = Bwoc + Bchain + Bseg (A.29) 
The association term is given by 

Wertheim’s theory gives the exact second virial coefficient. 
However, our approximation (eq 18) of the integral in eq 
16 is most accurate a t  intermediate liquid densities. 

The chain term is given by 

(A.31) 
The segment term is given by 

(A.33) 

NAv [--?:5 1.9075 -d3(CXimi)2 - - - Bdisp = 
20.5 T R 2  

All the variables without the component subscripts (i) 
in the equations presented in this section, such as aTg,  
u,Seg, ZFg, 0, and c ,  are for the fluid mixture, which is 
equivalent to the conformal fluid x (with subscript x in eqs 
4 and 5). 
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Organic Chemistry of Calcium. 3. Steam Stripping of Metal 
Phenoxides Liberates Phenol and Regenerates the Metal Hydroxide 

Charles G. Scouten* and H. Warren Dougherty 
Corporate Research Laboratories, Exxon Research and Engineering Company, Annandale, New Jersey 08801 

Treatment of hydroxycalcium phenoxide (HOCaOC6H5), sodium phenoxide, and potassium phenoxide 
with steam at 350 "C and atmospheric pressure liberated phenol and regenerated the corresponding 
metal hydroxide. High phenoxide conversions in the range 85-100% were obtained, even though 
the reaction conditions were not optimized. Essentially quantitative recoveries of the hydroxide 
bases were obtained. The steam stripping reaction appears to be generally applicable to  alkali and 
alkaline-earth phenoxides. Metal phenoxides are produced when phenol-containing process streams 
are contacted with basic hydroxides for phenol removal. Alternative phenol recovery methods, such 
as thermolysis and acid neutralization, are energy intensive and can have detrimental side effects. 
Thus, steam stripping offers a new general method for recovering phenols from metal phenoxides. 

A previous report described the formation of hydroxy- 
calcium phenoxides (Schlosberg and Scouten, 1988). To- 
gether with the subsequent thermal decomposition of these 
salts to phenols and calcium oxide, this chemistry provided 
the basis of a novel method for separating and recovering 
phenols from process streams (eq 1-4 (Schlosberg and 
Scouten, 1981)). 
formation 

Ca(OH)2 + ArOH - 
drying 

HOCaOAr + entrained liquids - HOCaOAr (dry) 
(2) 

phenol recovery 

25 *C 

HOCaOAr + entrained liquids (1) 

350 O C  

(3) 
550 o c  

HOCaOAr - CaO + ArOH 
regeneration of hydroxide 

heating in a second stage is then required to liberate phenol 
for recovery. In order to reduce the energy requirements 
of the new phenol recovery scheme, we sought ways to 
liberate phenol at lower temperatures, thereby eliminating 
the need for second-stage heating. 

The reactions of calcium phenoxides with carbon dioxide 
and other acids are known to liberate phenol (Fischer and 
Erhardt, 1919). However, regenerating Ca(OH), from the 
resulting inorganic salts requires heating to temperatures 
that approach or exceed 650 "C. Thus, phenol liberation 
via such acid treatments would not afford the desired 
reduction in energy requirements. The most direct route 
from the calcium salt to phenol and hydroxide would be 
via reaction with steam. Therefore, this report describes 
our studies on the reactions of steam with hydroxycalcium 
phenoxide, and with alkali metal phenoxides, to liberate 
phenol (eq 5 (Scouten, 1986,1987)). For convenience, we 
term these "steam stripping" reactions. 

(5) 
steam 

HOCaOAr - ArOH + Ca(OH), 
HCP 

CaO + H 2 0  - Ca(OH)2 
(4) Results and Discussion 

In the sequence in eqs 1-4, heating to approximately 350 
Further 

The fundamental chemistry of steam stripping reactions 
was studied using hydroxyca~cium phenoxide (HCP, "C frees the calcium salt entrained liquids. 
HOCaOC6H5), sod'lum phenoxide, and potassium phen- 
oxide. The preparation of HCP was described previously 
(Schlosberg and Scouten, 1988). The sodium and potas- 

* Present address: Amoco Oil Company, P.0. BOX 3011, Na- 
perville, IL 60566. 
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